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Abstract. Effective field theories of the strong interactions based on 
the approximate chiral symmetry of QCD provide a model-independent 
approach to low-energy hadron physics. We give a brief introduction to 
mesonic and baryonic chiral perturbation theory and discuss a number 
of applications. We also consider the effective field theory including 
vector and axial- vector mesons. 

1 Introduction 

Effective field theories (EFTs) have become a widely-used tool in a variety of applica- 
tions such as condensed-matter, nuclear, and particle physics (see, e.g., Refs. |ll2l3l4l5l6l7l8l9ll0lllj ). 

The unifying feature of EFTs is that they are systematic approximations to underly- 
ing theories, valid in certain energy domains. In particular, an EFT is applicable for 
energies that are small compared to an intrinsic energy scale of the underlying theory. 
While this limits the scope of applicability, it can result in substantial simplifications 
of calculations or can make calculations possible if it is not known how to apply the 
underlying theory. Since the focus of the EFT is a specific energy region, it can utilize 
those degrees of freedom that are relevant to the considered domain, which might in 
general be different from the degrees of freedom of the underlying theory. An example 
discussed below is chiral perturbation theory, in which hadronic degrees of freedom 
such as pious and nucleons are used instead of the more fundamental quarks and 
gluons. The starting point for the construction of an EFT is a theorem by Weinberg 

m- 

... if one writes down the most general possible Lagrangian, including all terms 
consistent with assumed symmetry principles, and then calculates matrix el- 
ements with this Lagrangian to any given order in perturbation theory, the 
result will simply be the most general possible S-matrix consistent with analyt- 
icity, perturbative unitarity, cluster decomposition and the assumed symmetry 
principles. 

The most general Lagrangian contains an infinite number of terms and therefore 
does not lend itself to efficient calculations without further simplifications. These can 
be achieved by application of a so-called "power counting," a scheme that organizes 
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(renormalized) Feynman diagrams according to the relative size of their contributions 
to physical observables. This ordering in general corresponds to an expansion in the 
ratio of two scales, q/ A. The light scale q is given by the typical momenta for the 
processes under consideration and the masses of the effective degrees of freedom, 
while A corresponds to a heavy scale intrinsic to the underlying theory, such as the 
mass of a particle not explicitly considered. The power counting can then be used to 
specify which finite number of terms in the most general Lagrangian are required for 
a given accuracy of the calculation. Each term in the Lagrangian contains a so-called 
low-energy constant (LEG). These couplings contain all the physics not explicitly 
accounted for in the EFT, e.g., the contributions from those degrees of freedom that 
do no appear in the EFT. The LECs cannot be predicted from the EFT, but either 
have to be calculated from the underlying theory (if feasible) or, more commonly, 
have to be extracted from experiment. Once determined, the LECs can be used to 
predict other physical observables. 



2 Chiral perturbation theory 

One of the best-known examples of an EFT is chiral perturbation theory (ChPT), the 
effective field theory of the strong interactions for energies far below 1 GeV |13ll4j . 
Besides the discrete symmetries C, P, and T, quantum chromodynamics (QCD), the 
theory underlying the strong interactions, exhibits an additional symmetry if the light 
quark masses are set to zero. In that case, the QCD Lagrangian is invariant under 
SU( ) L X SU(A'') transformations, where N is the number of massless quarks and 
the subscript L (R) refers to left-handed (right-handed) quark fieldsQ The masses of 
the up, down, and, to a lesser extent, strange quarks are small compared to the typical 
hadronic mass scale of roughly 1 GeV. Therefore, the QCD Lagrangian in the chiral 
limit, i.e., with vanishing light quark masses, might serve as a reasonable starting 
point to the description of strong- interaction phenomena. Neglecting heavy quarks, 
the QCD Lagrangian in the chiral limit is given by 



where (omitting color and flavor indices) the handed quark fields are given by 



While no mathematical proof currently exists, there are strong indications that 
the chiral symmetry SU(3)i, x SU(3)_r of the Lagrangian is spontaneously broken 
to an SU(3)v symmetry of the ground state. According to the Goldstone theorem, 
the spontaneous breaking of a continuous global symmetry leads to the existence 
of massless Goldstone bosons. In the case of spontaneous chiral symmetry breaking 
one expects an octet of massless pseudoscalar Goldstone bosons, which are identified 
with the TT, K, and rj mesons and the observed finite meson masses are attributed 
to the nonzero physical quark masses. The existence of this octet of mesons with 
masses much smaller than other hadron masses is one of the indications that the 
chiral symmetry of QCD is spontaneously broken; others are the nonvanishing scalar 
singlet quark condensate and the absence of parity doubling for hadron multiplets. 

^ There is an additional U(l)^ invariance related to baryon number conservation, while 
invariance under U(l)^ is broken due to an anomaly. 
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In addition to spontaneous chiral symmetry breaking, the finite light quark masses 
result in an explicit breaking of the symmetry. Collecting the light quark masses in 
the matrix Ai — diag(m„, m^, to^), the quark mass term in the QCD Lagrangian can 
be written as 

Cm = -qMq = - {qnMqL + qhMqR) . (3) 

The quark mass matrix mixes left- and right-handed quark fields and therefore breaks 
chiral symmetry explicitly. 

It is convenient to consider the quark mass term as generated by the coupling of 
the scalar quark density to an external c-number field. Extending this concept to the 
pseudoscalar quark density, vector and axial- vector currents, one arrives at the QCD 
Lagrangian in the presence of external fields |13I14) , 

^QCD = C°QCD + ^oxt = /^QCD + 97^ (vf^ + ^^1'^ + 750^^ 9 - 9 " h5P) <?, (4) 

where the external fields are color-neutral, Hermitian 3x3 matrices. The quark mass 
matrix is included in s = -I- . . ., and the standard QCD Lagrangian is obtained 
by setting all other contributions to the external fields to zero. One can now define a 
generating functional 



exTp{iZ[v, a, p\) — (OjTexp 



i / d'^xCcxtix) 



|0), (5) 



from which QCD Green functions can be obtained by functional derivatives with 
respect to the external fields. In addition, the chiral Ward identities which encode the 
relations among various Green functions are automatically fulfilled if the generating 
functional is invariant under local transformations of the external fields. For Gasser 
and Leutwyler, this approach served as the starting point for the construction of 
chiral perturbation theory [13114] . 

In order to write down the most general Lagrangian describing the interactions 
of Goldstone bosons with each other and with external fields, we define the SU(A^) 
matrix 

C/(x)=exp(^z^), (6) 

where the Hermitian, traceless matrix (j>{x) contains the Goldstone boson fields. For 
the SU(2) case cj) is given by 

while for iV = 3 

8 /^" + 75^ V2K+\ 

-^=1 V V2K- V2K° -^v) 

Under SU(A^)l x SU(A^)/;, the matrix U{x) transforms as 

U{x) ^ RU{x)L\ (9) 



with R, L G SU(A^). In combination with the transformation properties under the 
discrete symmetries C, P, and T one can now construct the most general Lagrangian 
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invariant under chiral transformations. The term with the minimal number of deriva- 
tives is given by 



° Tr {df.Udf'U^) , (10) 



where Fq is the pion decay constant in the chiral limit (with the physical value 
= 92.42(26) Me V). The explicit symmetry breaking due to finite quark masses 
can be incorporated via a series of terms containing increasing powers of M , with the 
leading-order contribution given by 

C,.^.^^Tt{MU^ + UM^). (11) 

The low-energy constant Bq can be related to the chiral quark condensateQ General- 
izing to local S\J{N)l X SU(iV)/j transformations and coupling to the external fields 
of Eq. (HI leads to the introduction of a covariant derivative 

Df,U = df,U-irf,U + iUlf„ (12) 

where — v^^ + and — v^^ — a^. The most general Lagrangian invariant under 
local chiral transformations with two derivatives and one power of the quark masses 
is given by 

£2 = ^Tr [D^UiD'^U)^ + ^Tr (xU^ + Ux^) , (13) 

with X = 2_Bo(s + ip)- 

Equation (jl3p contains two of the infinite number of terms in the most general 
Lagrangian. These terms can be ordered according to a power counting due to Wein- 
berg jl2j . The Lagrangian is organized as a series of terms with an increasing number 
of derivatives and powers of the quark masses, 

C,tf = C2 + C4 + Ce + .... (14) 

This translates into a dual expansion of physical quantities in powers of momenta and 
quark masses. The contribution of Feynman diagrams, generated by the interactions 
of Eq. (I14L can be characterized by their chiral order D, which is assigned according 
to 



D = 2 + 2AfL + 5Z^2n(2n~2), (15) 



with Nl the number of independent loops and the number of vertices originating 
from C2n- Equation (|15p establishes a relation between the chiral and the loop ex- 
pansions. One-loop diagrams start to contribute at D = 4, while two-loop diagrams 
can enter at D = 6. In the following, calculations to 0{q^) include diagrams up to 
and including chiral order D = n. 

The Lagrangian £4 is given in Refs. |13ll4j . In the SU(3) case it contains 10 
independent terms (not counting contact terms without Goldstone boson fields) , while 
for SU(2) it consists of 7 terms. The sixth-order Lagrangian £5 was constructed in 
Refs. jl5ll6ll7ll8| and contains 90 -|- 23 terms in the SU(3) case. While the number of 
corresponding LECs that have to be determined from experiment might sound large, 
it is important to keep in mind that only a small subset of these contributes to any 
given physical observable. 

Chiral perturbation theory has been applied to a large number of pseudoscalar 
meson properties and reactions. In the following we briefly discuss two examples, the 
masses and electromagnetic polarizabilities. For detailed reviews we refer the reader 
to Refs. [I9l2()l2ll22l23l^ . 

^ We note that it is customary to use Fo, Bq for the SU(3) case and F, B for SU(2). 
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Fig. 1. Self-energy diagrams at 0{q'^). Vertices derived from £271 are denoted by 2n in the 
interaction blobs. 



2.1 Masses of the pseudoscalar mesons 



The quark-mass expansion of the Goldstone boson masses at 0(9^) is one of the 
simplest applications of ChPT beyond tree level. For simplicity, we restrict ourselves 
to the isospin-symmetric limit, r7i„ — rrid — rfi. At 0{q'^), the terms of second order 
in the fields in £s.b., 

/:s.b = -f^Tr(02x ) + ..., (16) 
generate the following expressions for the masses of the Goldstone bosons, 

M2 2 = 2Bom, M|.^2 =Bo(m + TO,), M^^ ^ ^Bq {m + 2m,) . (17) 

The subscript 2 refers to chiral order 2. Without additional input regarding the nu- 
merical value of Bq, Eqs. (flT)) do not allow for an extraction of the absolute values 
of the quark masses m and m,, because rescaling Bq — XBq in combination with 
TOq — >■ mq/X leaves the relations invariant. For the ratio of the quark masses one 
obtains, using the empirical values Af^r = 135 MeV, Mk — 496 MeV, and = 548 
MeV, 

2 m + m^ TO, 2 2ms + TO rrit 

2to to 3to TO ^ ' 

The masses beyond tree level are given by the solutions to the equations 

Ml-Ml^-S^{Ml)^Q, cf,^n,K,fj, (19) 

corresponding to the poles of the full propagators. The proper self-energy insertions, 
—iS(f,{p'^), consist of one-particle-irreducible diagrams only, i.e., diagrams which do 
not fall apart into two separate pieces when cutting an arbitrary internal line. The 
accuracy of the determination of M| depends on the accuracy of the calculation of 
E^. At chiral order = 4, the self energies originate from the diagrams shown in 
Fig. [1] and are of the form 

S^^i{p')=A^ + B^p', (20) 

where the constants and B^ receive a tree-level contribution from £4 and a one- 
loop contribution with a vertex from £2- The masses at 0{q^) are determined by 
solving Eq. with the self energies of Eq. (^01) , 



M2_4 = Af2_2(l+B^)+A^, 
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because = 0{q^) and {B^,M^^^} 
Goldstone bosons at 0{q^) read [2] 



0{q^). The results for the masses of the 
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Ml, 
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Ml, 
327r2F2 



In 



Ml, 



M2 

967r2F2 



In 



Af2 



[(2f„ + ms)B„{2Ll - LI) + mSo(2Lg - L^)] 

^0 



(21) 



Ml2< 



16 



1 + 



Ml, 
487r2F2 



In 



^0 



Ml, = Ml, 



(2m + ms)Bo{2Ll - + -(m + m,)Bo(2L^ - L^) 



(22) 




967r2Fo , 

128B|(m-m«)^ 
'-^ ^ I'i^T + ^sJ 



(23) 



The above results for the masses exhibit a few characteristic properties of ChPT. The 
loop diagrams of Fig. [1] generate ultraviolet divergences at 0{q'^) which are absorbed 
by an appropriate renormalization of the LECs Li of the most general Lagrangian £4. 
Therefore, the expressions for the masses are finite. By construction, the dependence 
of the renormalized coefficients L[ on the renormalization scale fi is such that it cancels 
the scale dependence of the logarithms in Eqs. (PT|) - (P^. Thus, physical observables 
do not depend on the scale /i. At O(g^), the masses of the Goldstone bosons vanish 
if the quark masses are sent to zero. This is, of course, what we expected from QCD 
in the chiral limit but it is reassuring to verify that the self interaction in C, (in the 
absence of quark masses) does not generate Goldstone-boson masses at higher order. 
The expressions of Eqs. (pij) - ([^ contain two types of contributions at 0{q*). 
Terms that are analytic in the quark masses, i.e., proportional to ml are multiplied 
by the renormalized LECs L^ of £4. However, the terms of the type m'^\u{niq) — 
so-called chiral logarithms — are nonanalytic in the quark masses and do not involve 
new parameters. Such a behavior is an illustration of the mechanism found by Li 
and Pagels [3S] , who noticed that a perturbation theory around a symmetry which is 
realized in the Nambu- Goldstone mode results in both analytic as well as nonanalytic 
expressions in the perturbation. 



2.2 Electromagnetic polarizabilities of the pion 

In the framework of classical electrodynamics, the electric and magnetic polarizabil- 
ities a and /3 describe the response of a system to static, uniform, external electric 
and magnetic fields in terms of induced electric and magnetic dipole moments. In 
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principle, empirical information on the pion polarizabilities can be obtained from 
the differential cross section of low-energy Compton scattering on a charged pion, 
7(c^, q) + 7T+{E^, p) -> 7(c^', q') + 7r+(£;;, p'), 

da _ /uj'Y \ 1 + 



WW 



- [(a + (1 + zf + (a - (1 - zf\ | + . . . . 



where e is the elementary charge, M-^ the pion mass, z — q ■ q' , and uj' /u) = [1 + 
u){l — z)/Mt^]. The forward and backward differential cross sections are sensitive to 
[a + I3)tz+ and (a — /3)t+, respectively. 

The predictions for the charged pion polarizabilities at 0{q'^) [25] , 

- = 4 (4^^^ - ^'-''^'-''^ ^ 

correspond to an old current-algebra low-energy theorem |27j which relates Compton 
scattering on a charged pion to radiative charged-pion beta decay, n'^ — >■ e+i/e7, 
by means of a chiral Ward identity. At 0{q*), the linear combination = Iq — I5 
of scale-independent LECs [13] is related to the ratio 7 = Fa/Fv of the pion axial- 
vector form factor Fa and the vector form factor Fy of radiative pion beta decay |13| , 
7 — Once this ratio is known, chiral symmetry makes an absolute prediction 

for the polarizabilities. This situation is similar to the s-wave TTTr-scattering lengths 
at lowest order, 0{q^), which are predicted once F^^ is known. Using the most recent 
determination 7 = 0.443 ± 0.015 by the PIBETA Collaboration HH] (assuming Fy = 
0.0259 obtained from the conserved vector current hypothesis) results in the 0{q'^) 
prediction = (2.64±0.09) x 10"'' fm'^, where the error estimate is only due to the 
error of 7 and does not include effects from higher orders in the quark-mass expansion. 

Corrections to the leading-order result have been calculated at 0{q^) and turn 
out to be rather small [29130) . Using updated values for the LECs, the predictions of 
Ref. 20] are 

[a + 13)^+ = 0.16 X lO^'^ fm^ (24) 
[a - 13)^+ = (5.7 ± 1.0) X 10-"* fm^ (25) 

The degeneracy — —(3^^+ is lifted at the two-loop level. The corresponding correc- 
tions to the 0{q^) result indicate a similar rate of convergence as for the TTTr-scattering 
lengths [13131] . The error for {a + 13)^+ is of the order 0.1 x 10"'' fm'^, mostly from 
the dependence on the scale at which the 0{q^) LECs are estimated by resonance 
saturation. 

As there is no stable pion target, empirical information on the pion polarizabilities 
is not easily obtained. For that purpose, one has to consider reactions which contain 
the Compton scattering amplitude as a building block, such as, e.g., the Primakoff 
effect in high-energy pion-nucleus bremsstrahlung, tt^Z — !■ t:^ Zj [32] . radiative pion 
photoproduction on the nucleon, 7Tr+n [33 34 , and pion pair production in 

e+e" scattering, e+e~ — >■ e+e~Tr+Tr" [3 5i36. 37.38, . The results of the older exper- 
iments are summarized in Table [TJ Recently, also the COMPASS Collaboration at 
CERN has investigated the Primakoff reaction, and the data analysis is underway 

m- 

The potential of obtaining information on the pion polarizabilities from radiative 
pion photoproduction from the proton was extensively studied in Ref. [40]. In terms 
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Table 1. Experimental data on the charged pion polarizability 



Reaction 


Experiment 


[10-* fm''] 


•K~ Z — >■ TT~ Z'y 


Serpukhov ^^32^ 


6.8 ± 1.4 ± 1.2 


7P — > 77r^n 


Lebedev Phys. Inst. [33] 


20± 12 


77 — > tt^tt" 


PLUTO [35] 


19.1 ±4.8 ±5.7 




DM 1 [55] 


17.2 ±4.6 




DM 2 [37] 


26.3 ± 7.4 




MARK II [31] 


2.2 ± 1.6 



of Feynman diagrams, the reaction — >■ jir'^n contains real Compton scattering on 
a charged pion as a pion pole diagram (see Fig. [5]). In the most recent experiment on 
IP ~^ 77r+ri at the Mainz Microtron MAMI [34,, the cross section was obtained in the 
kinematic region 537 MeV < < 817 MeV, 140° < 6^^™, < 180°. Instead of perform- 
ing an extrapolation to the i-channel pole of the Chew-Low type [41I42| . the values 
of the pion polarizabilities were obtained from the data by a fit of the cross section 
as calculated by different theoretical models. Figure [3] shows the experimental data, 
averaged over the full photon beam energy interval and over the squared pion-photon 
center-of-mass energy si from 1.5 to 5 AI^, as a function of the squared pion mo- 
mentum transfer t in units of M^. For such small values of si, the differential cross 
section is expected to be insensitive to the pion polarizabilities. Also shown are two 
model calculations: model 1 (solid curve) is a simple Born approximation using the 
pseudoscalar pion-nucleon interaction including the anomalous magnetic moments 
of the nucleon; model 2 (dashed curve) consists of pole terms without the anoma- 
lous magnetic moments but including contributions from the resonances Z\(1232), 
Pii(1440), 1313(1520) and 5*11(1535). The dotted curve is a fit to the experimental 
data. 

The kinematic region where the polarizability contribution is biggest is given by 
5M^ < si < 15M^ and -12M^ < t < -2M^. Figure [1] shows the cross section as a 
function of the beam energy integrated over si and t in this second region. The dashed 
(dashed-dotted) and solid (dotted) lines refer to models 1 and 2, respectively, each 
with {a - /3)^+ set equal to fm^ (14 x IQ-'' fm^). By comparing the 12 experimental 
points with the predictions of the models, the corresponding values of (a — 13)^^+ for 
each data point were determined in combination with the corresponding statistical 
and systematic errors. The result extracted from the combined analysis of the 12 data 
points reads [34 

(a - /?),+ - (11.6 ± 1.5stat ± 3.0,yst ± 0.5„,od) x IQ-'' fm^ (26) 

and has to be compared with the ChPT resuh of, e.g., Ref. 30: , (5.7± 1.0) x IQ-^ fm^ 
which deviates by 2 standard deviations from the experimental result. 

Clearly, the model-dependent input to the result of Eq. ([^ deserves further 
study. In particular, the model error was estimated by comparing the analysis with 
two specific models. In Ref. }43| radiative pion photoproduction was studied in the 
framework of heavy-baryon chiral perturbation theory (see Sec. [3]) at the one-loop 
level. Unfortunately, the kinematical conditions of the MAMI experiment were not 
explicitly considered. It was argued that the extraction of pion polarizabilities is, in 
principle, possible and that the main uncertainty in the extraction arises from the 
effect of two structures of the 0{q'^) Lagrangian. 

In addition to the apparent disagreement with data, there has been a long-standing 
problem on the theoretical side. The application of dispersion sum rules as performed 
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Fig. 2. The reaction 7p — >■ 77r" 
in the t channel, where t = (p„ 



"n contains Compton scattering on a pion as a sub diagram 




Fig. 3. Differential cross section averaged 
over 537 MeV < < 817 MeV and 1.5 
< si < 5M^. Solid line: model 1; 
dashed line: model 2; dotted line: fit to 
experimental data. 



Fig. 4. Cross section of 7p — >■ ^tt n inte- 
grated over si and t in the region where 
the contribution of the pion polarizabil- 
ity is biggest and the difference between 
the predictions of the theoretical models 
under consideration does not exceed 3 %. 
The dashed and dashed-dotted lines are 
predictions of model 1 and the solid and 
dotted lines of model 2 for (a — ~ 
Ofm^ and (a - = 14 x 10"'' fm^ re- 
spectively. 



in |44I45| yields (a — /3)7r+ = (IS.Ol^ g) x 10^'* fm'^ which provides an even more 
pronounced discrepancy with the predictions of chiral perturbation theory than the 
MAMI result [30] ■ These dispersion relations are based on specific forms for the 
absorptive part of the Compton amplitudes. In Ref. |46) . the analytic properties of 
these forms have been examined and the strong enhancement of intermediate-meson 
contributions was shown to be connected with spurious singularities. 

Clearly, the electromagnetic polarizabilities of the charged pion remain one of the 
challenging topics of hadronic physics in the low-energy domain. Chiral symmetry 
provides a strong constraint in terms of radiative pion beta decay and mesonic chiral 
perturbation theory makes a firm prediction beyond the current- algebra result at 
the two-loop level. Both the experimental determination as well as the theoretical 
extraction from experiment require further efforts. For a discussion of the so-called 
generalized pion polarizabilities see Refs. |47I48I49I50) . 
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3 Baryon chiral perturbation theory 

The extension of chiral perturbation theory to include the interaction with baryon 
fields was first discussed in Ref. [51) . considering matrix elements with one-baryon 
initial and final states. The objective is the description of baryon properties such as 
masses and form factors as well as, e.g., scattering processes at low energies. The 
starting point is again the most general Lagrangian, for which the transformation 
properties of the baryon fields under chiral transformations need to be known. In the 
following we consider the SU(2) x SU(2) case. For the generalization to SU(3) x SU(3) 
see, e.g., Ref. [5^. The nucleon fields are collected in 

where p and n are the four-component Dirac fields for the proton and neutron, re- 
spectively. The nucleons transforms under SU(2) x SU(2) as 

W ^ K{L,R,U)<I', (28) 

where 

K{L, R, U) = VRUL'f'^RVu (29) 

with L,Re SU(2) and U the Goldstone boson matrix defined in Eq. Introducing 
the connection [21] 

["^(^M - + "(^M ~ ^Ifj^W] , (30) 

where = U , the covariant derivative of the nucleon field is defined as 

= {d^ + r^- iv(;^) Mf. (31) 

It is also convenient to introduce 

The lowest-order Lagrangian is given by (51) 

^^^l = (z0 - m + ^n^u^) ^, (32) 

containing two LECs: m, the nucleon mass in the chiral limit, and g^, the nucleon 
axial- vector coupling constant in the chiral limit. We denote the physical values of 
these parameters as mjv and gA^ respectively. Unlike in the purely mesonic sector, 
the baryonic effective Lagrangian contains contributions at even and odd orders. The 
Lagrangians up to order are given in Ref. |53j . 

The assignment of specific chiral orders to terms in the Lagrangian assumes the 
existence of a consistent power counting. When the methods of mesonic ChPT were 
first applied to the one-nucleon sector, however, it was noted that loop diagrams con- 
tributed to lower orders than predicted by the power counting [51^. As explained in 
Ref. [21], the nucleon mass in the chiral limit does not vanish and therefore consti- 
tutes an additional scale. It was also noted that the violation of the power counting 
was due to applying dimensional regularization in combination with the modified 
minimal subtraction scheme of ChPT (MS) to loop diagrams, and that the "same 
phenomenon would occur in the meson sector, if one did not make use of dimensional 
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regularization" |51j . Subsequently, multiple solutions to the apparent power-counting 
problem were proposed (see, e.g., Refs. [54155156157158159] '). 

In heavy-baryon ChPT (HBCliPT) [S3], an additional expansion of the effective 
Lagrangian in inverse powers of the nucleon mass in the chiral limit similar to a 
Foldy-Wouthuysen transformation is performed. The application of dimensional reg- 
ularization and the MS scheme to loop diagrams results in a consistent power counting 
as in the mesonic sector. A large number of physical observables has been calculated 
in this approach (see, e.g., Ref. [60]). 

The expansion in inverse powers of m increases the number of terms in the ef- 
fective Lagrangian and thus the calculational effort especially when going to higher 
orders. Furthermore, the expansion in some cases creates problems with analyticity 
[5S] as the poles from nucleon propagators are shifted due to the additional expansion. 
In Ref. [5F a different solution to the power counting problem, referred to as infrared 
regularization, was proposed which keeps the analytic properties of low-energy am- 
plitudes intact. The main idea is to separate loop integrals into an infrared-singular 
part that contains the same infrared singularities as the original integral, and an 
infrared-regular part that is analytic in small parameters for any arbitrary number 
of space-time dimensions. The infrared-regular part can be absorbed in the LECs of 
the effective theory, and the remaining contributions from the infrared-singular parts 
obey the power counting. Infrared regularization has become one of the standard 
approaches to BChPT calculations (see, e.g., Ref. [61] for an overview). 

A different approach to a manifestly Lorentz-invariant formulation of BChPT is 
given by the extended on-mass-shell (EOMS) scheme [55] ■ It provides a method to 
absorb in the LECs of the theory exactly those terms that violate the power counting. 
While in its original formulation the infrared regularization of Ref. '56; is applicable 
to one-loop diagrams containing nucleon and pion propagators, the EOMS scheme 
can also be applied to multi-loop diagrams [S2] and diagrams containing other de- 
grees of freedom [53]. It was subsequently realized that the infrared regularization 
can be formulated similarly to the EOMS scheme [64], which extends the applica- 
bility to multi-loop and heavy-meson diagrams [62] . A different extension of infrared 
regularization is given in Ref. [65) . 

As in the mesonic sector, we only discuss a few applications of BChPT in the 
following. Detailed reviews can be found, e.g., in Refs. |60r6li66j . 



3.1 Nucleon mass to 0{q^) 



The nucleon mass mjv provides a good testing ground for applications of BChPT, as 
it does not depend on any momentum transfers and the chiral expansion therefore 
corresponds to an expansion in the quark masses. For this reason, the calculation of 
the nucleon mass has been performed in all renormalization schemes mentioned above 
|51I67 '68'56"59 . With the exception of Ref. [ST] , these schemes have in common that 
they establish the connection between the chiral and the loop expansions, analogous 
to the mesonic sector. A calculation that only includes one-loop diagrams can be 
performed up to and including 0{q'^). The general form of the chiral expansion is 
given by 

A'l 

TUN =m + kiM^ + fca Af ^ + hM^ \n— + k^M^ + (33) 

M 

where = 2Brh is the lowest-order expression for the squared pion mass, the ellipsis 
stands for higher-order terms, and /i is a renormalization scale. As an example, in the 
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Fig. 5. Pion-mass dependence of terms contributing to the chiral expansion of the nucleon 
mass. Left panel: The solid line corresponds to k^M^ In — , the dashed line to k2M^. Right 

panel: The solid line corresponds to k-jM^ \v? the dashed line to fcsM^ln The grey 
band indicates an error estimate (see Ref. \71\)- 



EOMS scheme the expressions for the ki are given by [SS] 

^ 32^4^ + ^"^"'^ + 128^'^ " + '"^ + 

Here, the Ci and ej are LECs of the second- and fourth-order baryonic Lagrangians, 
respectively. The expression of Eq. ([55)1 together with estimates of the various LECs 
was used in Ref. [55] to determine the nucleon mass in the chiral limit, 

m = rriN — Am 

= [938.3 - 74.8 + 15.3 + 4.7 + 1.6 - 2.3] MeV (35) 
= 882.8 MeV, 

i.e., Am = 55.5 MeV. Contributions to the nucleon mass at 0{q^), i.e., including 
two-loop diagrams, were first considered in Ref. 68: , and a complete calculation to 
0{q^) was performed in Refs. [70171) . The higher-order contributions take the form 

mN = m + kiM^ + k^M^ + ksM^ ln— + k^W^ 

-I- fcsAf^ In — + /cgM^ + kjM^ \n — + fcgAf In — + /cgM^ 

Since various so-far undetermined LECs enter the expressions for some of the higher- 
order ki it is not possible to give an accurate estimate of all terms in Eq. (1361) . However, 
the fifth-order contribution fcgM^ln^ is found to be fcgM^ In ^ = -4.8 MeV at 

the physical pion mass with fi — m^, while k^M^ = 3.7 MeV or k^M^ — —7.6 MeV 
depending on the choice of the third-order LEC dig [ZI]- Equation p6l) can also 
be used to examine the pion-mass dependence of the nucleon mass, which plays an 
important role in the extrapolation of lattice QCD to physical quark masses. FigurejS] 
shows the comparison of various terms in Eq. (j36p as a function of the squared pion 
mass. While the right panel shows the expected suppression of the higher-order term 
over the whole pion-mass range, the left panel indicates that the term k^M'^ In ^ 

becomes as large as k2M^ for a pion mass of roughly M ^ 360 MeV. While this is 
not a reliable prediction of the behavior of higher-order contributions since only the 
leading nonanalytic parts are considered, the pion mass range at which the power 
counting is no longer applicable agrees with the estimates found in Refs. [72173] . 
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Table 2. Experimental results and theoretical predictions for the structure functions Pll — 
Ptt/e and Plt at = 0.33 GeV^ and e = 0.62. 







Experiment 


m 


HBChPT [86] 


Pll 


- Prr/e [GeV"^] 


23.7 i 2.2stat. i 4.3syst. 


i O.Gsyst.norm. 


26.0 


Plt 


[GeV-2] 


-5.0 ± O.Sstat. ± 1.4syst. 


dz l.lsyst.norm. 


-5.3 



3.2 Virtual Compton scattering 

Real Compton scattering (RCS), 7(9, e(A)) + N{p, s) -> 7(5', e'(A')) + N{p', s'), has 
a long history of providing important theoretical and experimental tests for models 
of nucleon structure (see, e.g., Refs. [74 75 76 77 for an introduction). Based on the 
requirement of gauge invariance, Lorentz invariance, crossing symmetry, and the dis- 
crete symmetries, the famous low-energy theorem of Low }78] and Gell-Mann and 
Goldberger [7^ uniquely specifies the low-energy scattering amplitude up to and in- 
cluding terms linear in the photon momentum. The coefficients of this expansion are 
expressed in terms of global properties of the nucleon: its mass, charge, and anomalous 
magnetic moment k. It is only terms of second order which contain new information 
on the structure of the nucleon specific to Compton scattering. For a general target, 
these effects can be parameterized in terms of two constants, the electric and magnetic 
polarizabilities a and /3, respectively [HIT. 

As in all studies with electromagnetic probes, the possibilities to investigate the 
structure of the target are much greater if virtual photons are used, since energy and 
three-momentum of the virtual photon can be varied independently. Moreover, the 
longitudinal component of current operators entering the amplitude can be studied. 
The amplitude for virtual Compton scattering (VCS) off the proton, Tycs, is acces- 
sible in the reaction e~p — e~p^. Model-independent predictions, based on Lorentz 
invariance, gauge invariance, crossing symmetry, and the discrete symmetries, have 
been derived in Ref. |81| . Up to and including terms of second order in the mo- 
menta |q I and |q'|, the amplitude is completely specified in terms of quantities which 
can be obtained from elastic electron-proton scattering and real Compton scatter- 
ing, namely toat, k, the electric and magnetic Sachs form factors Ge and Gm, the 
electric mean square radius r'^, ap, and /3p. After dividing the amplitude Tycs into 
a gauge- invariant generalized pole piece Tpoie and a residual piece Tr, the so-called 
generalized polarizabilities (CPs) of Ref. ^2] result from an analysis of the residual 
piece in terms of electromagnetic multipoles. A restriction to the lowest-order, i.e. 
terms linear in uj' , leads to only electric and magnetic dipole radiation in the final 
state. Parity and angular-momentum selection rules, charge-conjugation symmetry, 
and particle crossing generate six independent CPs j82l83l84) . 

Predictions for the CPs of the nucleon have been obtained in HBChPT at C(g^) 
[85186; and O [87 88], as well as in the small-scale expansion at 0{q^) [89]. The 
predictions of HBChPT at 0{q'^) contain no unknown LECs, i.e., they are given in 
terms of the pion mass, the axial-vector coupling constant, and the pion-decay con- 
stant. Table [5] shows a comparison between experimental results for the two structure 
functions Pll — Ptt/^ and Plt at — 0.33 GeV^ obtained from a dedicated VCS 
experiment at MAMI [5D] (see Ref. [91| for an update) and the 0{q'^) prediction 
[86) . In view of the rather large value of the agreement between experiment and 
HBChPT at 0{q^) is surprising and should be treated with care. 

A covariant definition of the spin-averaged dipole polarizabilities was proposed 
in Ref. [15]. It was shown that three generalized dipole polarizabilities are needed to 
reconstruct spatial distributions. For example, if the nucleon is exposed to a static 
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Fig. 6. Scaled electric polarization r^an [92]- The applied electric field points in 

the X direction. 

and uniform external electric field E, an electric polarization V is generated wliich is 
related to the density of the induced electric dipole moments, 

V,{v)=A^a,,{v)E,. (37) 

The tensor aij(r), i.e. the density of the full electric polarizability of the system, can 
be expressed as [49l 

aijir) = aLir)nfj + aT{r){Sij - fifj) H — ^ / [aL{r') - arir')] r'^ dr\ 

^ J r 

where aL^r) and axir) are Fourier transforms of the generalized longitudinal and 
transverse electric polarizabilities aL((?^) and axiq'^), respectively. In particular, it is 
important to realize that both longitudinal and transverse polarizabilities are needed 
to fully recover the electric polarization V. Figure [5] shows the induced polarization 
inside a proton as calculated in the framework of HBChPT at ©(g^) the po- 
larization, in general, does not point into the direction of the applied electric field. 
Similar considerations apply to an external magnetic field. Since the magnetic induc- 
tion is always transverse (i.e., V • B = 0), it is sufficient to consider (3ij{v) = f3{r)6ij 
|49) . The induced magnetization Ai is given in terms of the density of the magnetic 
polarizability as M{v) = 47r^(r)B (see Fig. [7]). 



3.3 Nucleon electromagnetic form factors 

The calculation of the nucleon electromagnetic form factors, which parameterize the 
matrix element of the electromagnetic current between one-nucleon states, presents a 
stringent test of BChPT due to the fact that the proton electromagnetic form factors 
are well-determined experimentally (see, e.g., Refs. |93l94j V They were calculated in 
HBChPT W and to 0{q^) in infrared regularization [95] and the EOMS scheme [96]. 
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Fig. 7. Generalized magnetic polarizability /3(g^) and density of magnetic polarizability 
/3(r) for the proton. Dashed lines: contribution of pion loops; solid lines: contribution of pion 
and kaon loops; dotted lines: vector meson dominance predictions normalized to /3(0) |49) . 
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Fig. 8. Nucleon electromagnetic form factors in manifestly Lorentz-invariant BChPT up to 
and including 0(g*). Solid line: EOMS. Dotted line: Infrared regularization (see Ref. [101] ). 
The experimental data are taken from Ref. [97) . 



Baryon ChPT does not predict the nucleon radii, but uses them as input to determine 
a number of LECs. The results of form factor calculations in manifestly Lorentz- 
invariant BChPT are shown in Fig. |51 Agreement with the data breaks down around 
a momentum transfer of roug hly Q2 ^ 0.1 GeV^ which is in agreement with the 
"breakdown" of the chiral expansion in Sec. 13.11 Clearly, a calculation to 0{q^) does 
not produce sufficient curvature to also describe the data at higher . Additional, 
higher-order contributions therefore have to be taken into account to improve the 
agreement with experimental results. As explained above, a calculation beyond 0{q^) 
in general also requires the inclusion of two-loop diagrams. Since the form factors in 
BChPT depend on two small scales, the pion mass and the momentum transfer, such 
calculations are highly complex. In addition, further unknown LECs appear at higher 
orders that have to be fixed by comparison with data. We therefore consider a different 
approach. 



4 Vector and axial-vector mesons in effective field theory 

It has been well-known that vector mesons play an important role when considering 
the interaction of hadrons with electromagnetic fields. For example, in the vector 
meson dominance model the hadrons couple to photons exclusively through interme- 
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Fig. 9. Nucleon electromagnetic form factors in manifestly Lorentz-invariant BChPT with 
explicit p, uj, and 4> mesons up to and including ©(g*). Sohd line: EOMS. Dotted hne: 
Infrared regularization (see Ref. [101] ). The experimental data are taken from Ref. |97j . 



diate vector mesons (see, e.g., Ref. [98 ). In BChPT, vector mesons do not appear 
as explicit degrees of freedom. Instead their contributions are encoded in the values 
of the LECs. This can be seen by considering the expansion of a symbolical vector 
meson propagator [95] . 

1 _ 1 

Combined with the relevant coupling constants and numerical factors, each term 
on the right-hand side of Eq. ([55)) contributes to a LEG at a specific order. For 
a discussion of meson resonance exchange as a tool for estimating LECs see, e.g., 
Refs. [991100) . In order to account for all terms in the expansion it was suggested in 
Ref. [95] to keep vector mesons as explicit degrees of freedom. Since it was not known 
how to renormalize loop diagrams containing vector meson propagators, the authors 
of Ref. [95] set up a power counting that allowed them to only consider tree-level 
contributions. 



A/2 



(38) 



4.1 Nucleon electromagnetic form factors including vector mesons 



With the EOMS scheme and the reformulation of infrared regularization two renor- 
malization schemes were developed that are also applicable to loop diagrams con- 
taining vector mesons [63I64| . Both schemes were applied to the calculation of the 
electromagnetic nucleon form factors with explicit p, uj, and (j) mesons in Ref. ' lOlj . 
It was shown that in infrared regularization to 0{q^) all loop diagrams containing 
vector mesons vanish, which justifies the approach of Ref. [Hi], while vector meson 
loop contributions are highly suppressed in the EOMS scheme. In both calculations 
the vector meson coupling were taken from dispersion relation analyses. The results 
for the form factors are shown in Fig. [5] They show an improved description of 
the data for larger momentum transfers up to 0.4 GeV^ (and are in agreement with 
the improvements found in Ref. [15]). While this was expected on phenomenological 
grounds, it should be noted that the inclusion of vector mesons proceeds according 
to well-defined rules in an EFT formalism. Along similar lines, the impact of the 
axial- vector meson oi(1260) on the isovector axial form factor Ga was discussed in 
Ref. [102]. 



Will be inserted by the editor 



17 



4.2 Universality of the p-meson coupling 



The universality of the p meson coupling, i.e., the equality of the p meson self-coupling 
and the coupling to nucleons and pions, plays an important role in vector meson 
dominance [98'. Considering an effective Lagrangian describing the coupling of p 
mesons to pions and nucleons, the relation gpNN = 5, with g the p self coupling, follows 
from chiral symmetry |103j . On the other hand, the symmetries of the Lagrangian 
do not require the equality of the ptttt and pNN couplings. However, it was shown 
in Ref. |104| that the universality of the p-meson coupling is a consequence of the 
requirement that the effective field theory describing p mesons, pions, and nucleons 
is a consistent theory which can be renormalized. 

Starting from the Lagrangian C of Ref. |103j , one can rewrite the Lagrangian in 
terms of renormalized fields and couplings, thereby introducing the basic Lagrangian 



Phasic = ^5^7r"a^7r° 



hp 



1 



1 



tt"^'' + ^ {ird^ ~m)W~ -A'^A'^^-' + -MIpIp'^^ 



with ^J^j, = 9^p" — i9i/P^, and the counter-term Lagrangian 



(39) 



Sg+-gSZ,]e'^''^d^py^p^-' + 



e TT OpTT p 



69 + 9[^-^+5Z^ 



(40) 



with 



L = C 



basic 



(41) 



where Ci is a residual Lagrangian containing all higher-dimensional interactions and 
all remaining counter terms. The authors of Ref. |104l considered the p-meson self 
energy as well as the ppp and p^'i' vertex functions to one-loop order. These re- 
ceive contributions from one-loop diagrams containing the renormalized couplings of 
Eq. ([M]) and from tree- level diagrams with one- loop order counter terms of Eq. PO)) . 
Requiring that the results are UV finite introduces relations between the couplings 
of the theory, resulting in 

9%^ =99%.- (42) 

Equation (j42l) has two solutions: the trivial one gp-mt — 0, corresponding to a theory 
in which the p meson does not couple to pions, and the non-trivial one 



gpiT-n — 5- 



(43) 



Universality is therefore the consequence of the existence of a consistent EFT with 
p mesons, pions, and nucleons. From Eq. one can also derive the well-known 
Kawarabayashi-Suzuki-Riazuddin-Fayyazuddin relation |105I106) . 
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In Ref. |107] . the same authors considered the extension of this approach to also 
include the interactions with photons. Again requiring UV-finite expressions at one- 
loop order results in relations between various couplings, which in turn determine the 

gyromagnetic ratio to have a value of 2 and the p meson mass splitting to be 

Mpo - Mp+ - 1 MeV, (45) 

which has to be compared with the PDG value (— 0.7±0.8) MeV [108| . Finally, it was 
shown in Ref. |109| that the massive Yang-Mills part of Eq. ([M)) for the p mesons is 
indeed the most general leading-order Lagrangian once self consistency in the sense 
of constraints and perturbative renormalizability is imposed. 



4.3 Complex-mass scheme and effective field theory 

In Sec. 14.11 we saw how the inclusion of virtual vector mesons generates an improved 
description of the electromagnetic form factors, for which ordinary chiral perturbation 
theory does not produce sufficient curvature. So far the inclusion of virtual vector 
mesons has been restricted to low-energy processes in which the vector mesons cannot 
be generated explicitly. However, one would also like to investigate the properties of 
hadronic resonances such as their masses and widths as well as their electromagnetic 
properties. An extension of chiral effective field theory to the momentum region near 
the complex pole corresponding to the vector mesons was proposed in Ref. [110] . 
in which the power-counting problem was addressed by applying the complex-mass 
scheme (CMS) Jl,l 112 113 114 115 116 to the effective field theory. Since the p mass 
is not treated as a small quantity, the presence of large external four- momenta, e.g., 
in terms of the zeroth component, leads to a considerable complication regarding the 
power counting of loop diagrams. To assign a chiral order to a given diagram it is first 
necessary to investigate all possibilities how the external momenta could flow through 
the internal lines of that diagram. Next, when assigning powers to propagators and 
vertices, one needs to determine the chiral order for a given flow of external momenta. 
Finally, the smallest order resulting from the various assignments is defined as the 
chiral order of the given diagram. The application of the CMS to the renormalization 
of loop diagrams amounts to splitting the bare parameters of the Lagrangian into 
renormalized parameters and counter terms and choosing the renormalized masses as 
the complex poles of the dressed propagators in the chiral limit, M|. = (M^ — 
The result for the chiral expansion of the pole mass and the width of the p meson to 
0{q^) reads [HD] 

= + c.M^ - ^ ^ 



p X 



247r 



^3-2,„^f).4^fl-,„^,, (46, 



r = r + - 9lp.M^r^ 

^ 8M2 2M2 487rMx IGt:F'^M^' ^ ' 

Here, is the lowest-order expression for the squared pion mass, F the pion-decay 
constant in the chiral limit, a low-energy coupling constant of the np Lagrangian, 
and gajp-K a coupling constant. The nonanalytic terms of Eq. (j46p agree with the results 



of Ref. |117| . Both mass and width r'^ in the chiral limit are input parameters 
in this approach. The numerical importance of the different contributions has been 
estimated using 

F = 0.092GeV, M = 0.139GeV, 5^p^ = 16GeV"\ « Afp = 0.78 GeV, 
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resulting in the expansion (units of GeV^ and GeV, respectively) 
Ml = Ml + 0.019 - 0.0071 + 0.0014 + 0.0013 , 

r ^ + 0.21 - o.oie c^r^ ~ o.ooss + o.ooii . 



(48) 



For pion masses larger than Alp/ 2 the p meson becomes a stable particle. For such 
values of the pion mass the series of Eq. (|T7)) should diverge. Along similar lines, 
Ref. [118! contains a calculation of the mass and the width of the Roper resonance 
using the CMS. 



5 Conclusions 

The (approximate) chiral symmetry and its spontaneous breaking are two important 
properties of QCD for low-energy processes. The effective field theories presented 
here allow a systematic study of the consequences of these QCD features. We have 
only presented a small snapshot of the vast number and successes of the application 
of chiral effective field theories. In addition to the meson and one-nucleon sectors 
discussed here, an extensive research effort is focused on the inclusion of the A res- 
onance (see, e.g., Refs. [11911201121] ) as well as applying these techniques to two- 
and few-nucleon systems (see, e.g., Ref. |122j and references therein). All these EFT 
calculations have in common that they are mo del- independent and systematically 
improvable approximations to QCD in the low-energy domain. As briefly discussed 
in Sec. 13.11 chiral perturbation theory also presents an important tool in the extrap- 
olation of lattice QCD results. In addition to the quark mass expansion, effective 
field theory techniques have been developed to treat finite- volume effects, as well as 
different formulations of the lattice action (see, e.g., Ref. |123j and references therein). 

We are grateful to the organizers of the conclusive symposium "Many-body structure of 
strongly interacting systems" for a very interesting and enjoyable meeting. We would like 
to thank our collaborators for productive joint efforts and interesting discussions. Special 
thanks go to J. Gegelia for a long-standing and fruitful collaboration. Much of this work 
would not have been possible without the support of the Collaborative Research Center 443 
(SFB 443) of the Deutsche Forschungsgemeinschaft. 
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